An extension of the Uzawa-Lucas endogenous growth model is discussed which incorporates diminishing returns to human capital and unskilled labour in aggregate labour inputs. This extension is important in the context of developing economies, due to their abundance of unskilled labour, relative to both physical and human capital stocks. The paper describes the pattern of growth and convergence that arises from these initial conditions, and from unanticipated increases in population growth rates. It shows that the transition path for a developing economy in this endogenous growth model, displays similar convergence properties to the standard neoclassical growth model, with a high initial marginal product of capital resulting in high growth over the transition.
Introduction
According to the neoclassical growth model, the growth path for a developing economy should exhibit relatively high rates of growth. This feature arises from the assumption that the developing economy's initial factor endowments are labour abundant. 1 Given diminishing marginal products of capital and labour, this implies relatively low returns to labour, and high marginal and average products of capital, thus inducing high investment rates. 2 In recent growth models, however, the relationship between labour abundance, factor prices and growth, is complicated by the introduction of human capital, and assumptions of constant or increasing marginal product curves. In this paper I describe the relationship between initial endowments of physical capital, human capital and labour in an endogenous growth model. The model is an extension of Uzawa (1965) and Lucas (1988) , incorporating labour factor inputs, as distinct from human capital, or skills. I show that the transitional growth path of this model, under conditions of unskilled labour abundance, is very similar to the standard neoclassical model. The economy is predicted to exhibit high levels of physical capital investment, relatively high income growth and low rates of human capital accumulation. 3 These results reverse the conclusion of Mulligan and Sala-i-Martin (1993) , and Barro and Sala-i-Martin (1995) , regarding the transition path of developing economies in the This paper is organised as follows. Section 2 introduces the modified UL model and Section 3 discusses the balanced path of this model. Section 4 describes the transition 1 The term "abundance" is used in the relative sense, as used in general equilibrium and trade theory. It bears no relation to the absolute size of the labour force, which is a feature of some endogenous growth models with economies of scale. 2 The standard Ramsey growth model is discussed, for example, in Blanchard and Fisher (1989) or Barro and Sala-i-Martin (1995) . See also Solow (1956) and Swan (1956) , who pioneered the neoclassical growth model. 3 Thus Mulligan and Sala-i-Martin (1993) conclude that post war Japan had relatively fast physical capital intensive transition to the balanced growth path and relatively human capital scarce economies, which they equated with developing economies, have a relatively slow human capital intensive transitions. 4 The method and notation used follows Barro and Sala-i-Martin (1995) and Lucas (1988) . For further discussions of the UL model also see King and Rebelo (1990) , Cabelle and Santos (1993) , Faig (1993) , Lucas (1990 Lucas ( , 1993 , and Devereux and Love (1994) . paths and stability. The transition of a developing economy, defined by its initial endowment of unskilled labour, is considered in Section 5. Section 6 discusses the conditional convergence implications for developing economies. Section 7 discusses an unanticipated increase in the population growth rate and Section 8 concludes.
The Uzawa-Lucas model with unskilled labour
In the UL model, human capital accumulation is equivalent to unskilled labour augmentation. As noted by Barro and Sala-i-Martin (1995) , this means that the elasticity of output with respect to human capital is equal to the elasticity of output with respect to labour. It also means, however, that the elasticity of the marginal product of physical capital with respect to human capital is equal to the elasticity of the marginal product of physical capital with respect to labour. 5 Thus for example, the marginal product of physical capital of an economy would be the same if it had half the human capital but twice as many workers.
This symmetry is a useful simplification in some applications, but inappropriate for the study of the effects of initial factor endowments on growth paths, if labour abundance is a feature of the economy. In this section an extension of the UL model is presented, in which an aggregate human inputs are a concave function of unskilled labour and human capital. This relaxes the assumption in that human capital accumulation is equivalent to labour augmentation.
Let final output, Y, consisting of physical capital and consumption goods, be given by a production function with inputs of physical capital, K, human capital H, and unskilled labour, N;
where A, is total factor productivity and u is the fraction of human capital allocated to final output. Assuming homogeneity of degree 1, equation (1) may be written in per worker terms;
5 Using the terminology of Hicks (1970) and Sato and Koizumi (1973) , human capital and labour have the same degree of p-complementarity. This true for factor augmentation in general, and is not a consequence of the iso-elastic production technology assumed here.
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where k(t) is physical capital stock per worker and h(t) is the human capital stock per worker, at time t. Further, I follow the existing literature in assuming the iso-elastic form;
The assumptions regarding unskilled labour and human capital imply that equation (3) differs from previous versions of the UL model, as output per worker is homogeneous of degree α+β < 1. 6
The accumulation equations for physical and human capital are;
where c(t) is consumption per worker, 1-u(t) is the fraction of human capital allocated to human capital accumulation, and n N N ≡ / , is the exogenous growth rate of labour. Equation (4) The maximum growth rate of human capital per worker is δ, which occurs if u(t) = 0.
6 In the following analysis we ignore the possibility of human capital externalities, introduced by Lucas (1988) . It is well known that this is not essential characteristic of the models endogenous growth behaviour. It is worth noting, however, that the presence of human capital externalities will not alter any results derived below if α β +~ < 1, where β is the elasticity of output with respect to private and external human capital. If α β +~ = 1, the model is formally identical to the standard UL model with no externalities. If there is a large human capital externality so that, α β +~ > 1, the behaviour of the model may still be derived from the equations presented below.
Each factor is assumed to receive its marginal product in perfect competition, so that, by Euler's theorem, profits are zero;
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where π(t) is profits, and r(t) and q(t) are the returns to physical capital and human capital respectively. The consumer's budget constraint equates income with expenditure on physical capital accumulation and consumption.
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Aggregate per capita consumption choices, c(t) = C(t)/N(t), are determined by a representative consumer, with a rate of time preference ρ, who maximises intertemporal utility, V; 
where σ is the inter-temporal consumption elasticity of substitution. The problem for the representative consumer is stated in definition 1.
DEFINITION 1: Find an optimal set of paths {c(t), k(t), h(t), u(t)} that maximises (9) subject to (3)- (5), (7)- (9) and the initial endowments k(0), h(0).
The current value Hamiltonian for the problem in definition 1 is;
[ (1-] 
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where the λ i (t), are co-state variables. Suppressing the time index, the necessary conditions for a maximum, are; 8
[ ]
Equation (10f) may be simplified using (10b) to give λ λ δ
This completes the necessary conditions for the model. Sufficient conditions for a maximum require consideration of the balanced growth path, or steady state.
Balanced growth path
The four boundary conditions necessary to find a unique solution to the system (10a)-(10f), (11), consist of two initial conditions, k(0)= k and h(0) = h , and two equations derived from the balanced path, or steady state, conditions. The balanced growth path is defined in terms of the control variables;
8 According to the Maximum Principle, for an optimum solution to definition 1, {K(t)*, H(t)*, c(t)* u(t)*}, there is a pair of co-state variables λ 1 (t) > 0, λ 2 (t) > 0 such that k(t)*, h(t)*, c(t)* u(t)*, λ 1 (t) and λ 2 (t) simultaneously satisfy equations (10a) [ ]
On the balanced path;
so the balanced marginal product of capital, r*, is constant, r* = κσ ρ − +
1
. Noting the specific form assumed for f ( ) ⋅ in equation 2, then from equation (13) 
Equation (14) describes a curve, z, in {k, h} space that intersects the origin and is concave with respect to the h axis. All the points on this curve that also satisfy u(s)=u*, are points on the balanced path. The steady state value of z, z*, can be described in terms of the models parameters, α, ρ, σ, and κ.
The appendix shows that the balanced path growth rates of the state and co-state variables are given by equations (15), (16) and (17).
From (16), v > κ, so the average product of human capital, y/h, and the marginal product of human capital, q = βy/h, fall along the balanced path. This falling marginal product of human capital result causes Barro and Sala-i-Martin (1995) to reject an aggregate production function with homogeneity of degree less than one. 9 In our case however, the quantity of human capital per worker, h, increases so that the skilled wage bill per worker, or average skilled wage, is rising along a balanced path;
Thus along the balanced path the unskilled and skilled wages rise at the same rate although the human capital stock grows forever at a faster rate than output and physical capital, and the ratio of human capital to physical capital rises over time.
These results are summarised in proposition 1.
PROPOSITION 1. On a balanced path, where / c c = κ and
where v is defined by (17), and all points lie on the curve in {k, h} space defined by equation (14) . Along this curve the marginal product of capital, r, and the average product of capital, z*=r*/α are constant. The marginal product of human capital, q, is falling, but average returns to human capital per worker are rising.
The existence of the balanced path, or steady state, is discussed in appendix A1. The following section discusses the transition to this balanced path and stability.
Stability and Transition paths.
Transitions to the balanced path can be analysed using the method described by Mulligan and Sala-i-Martin (1993) and Barro and Sala-i-Martin (1995) . First we rewrite the accumulation equations in terms of variables that are constant along a 9 In the standard UL model, with no externalities, the long run ratio, k/h, is constant and the marginal product of human capital, q, is also constant.
balanced path. Let χ = c k / . The steady state is described in terms of u, z, and χ by
z z
Note also that the growth rates of human capital and physical capital may be expressed in terms of z, χ and the model's parameters;
Equations (19) and (21), are similar to those derived by Barro and Sala-iMartin (1995), whose results can be obtained as a special case when β = 1-α. 10 The same is true of equations (20), (22), and (23) except that these also include the population growth rate, n, due to the additional assumption that human capital per person depreciates at the rate of growth of population.
A phase diagram for the system can be constructed using equations ( Figure 1 at {χ*, z*}. Thus equilibrium value, z*, given in equation (14), is unique, and there is a unique corresponding value of χ*. These values are derived in the appendix. The arrows indicate the local dynamics around the stationary point.
Inspection of (20) and (21) shows that / χ χ = 0 is unstable, and / z z = 0 is stable.
This gives proposition 2.
PROPOSITION 2. The steady state equilibrium {χ*, z*} is a saddlepoint. The stable arms of the saddle point imply that either / z z > 0 and / χ χ > 0, or / z z < 0 and / χ χ < 0.
The left hand panel of Figure 1 shows the u = 0 locus, equation (19) . It is a ray with slope ∂χ ∂ / u = (1-β)δ/α > 0. The equilibrium value χ* determines a unique value of u = u*. Thus u is constant on a balanced path, and given z = z*, the ratio
/ , is also constant. Inspection of equation (19) shows that the u = 0 locus is unstable. A perturbation in u from the stable locus results in an increasing value of u. The positive slope of this locus however shows that stability in u can only be restored for a higher value of χ. This gives proposition 3.
PROPOSITION 3. Along the transition path either, / u u > 0 and / χ χ > 0, or / u u < 0 and / χ χ < 0.
Combining propositions 2 and 3 one may see that transitions from z(0)>z* to z*, involve a falling value of z and χ, and u. Movements from z(0)< z* to z* have the opposite dynamics. Thus χ and u always move together, which was shown by Mulligan and Sala-i-Martin (1993) for the standard UL model. 14 Thus time in final production activity, u, and relative consumption, χ, are substitutes.
If the marginal product of physical capital is above the balanced path value, r > r*, this results in high relative supply of human capital to the sector producing physical capital, u > u*. This allows increased consumption or physical capital investment levels, relative to the balanced path. The increased supply of human capital is costly however because, relatively more human capital is allocated to the sector where the marginal product of human capital is relatively low. Intuitively this is because the marginal benefits of an additional unit of capital, and, by (10a), the marginal utility of consumption, are also high when physical capital stocks are low, and this latter effect dominates the former.
Unskilled labour endowments and the developing economies transition path.
We are now in a position to discuss the transition path of a developing economy, defined as an economy with an abundance of unskilled labour relative to its balanced growth path. In a steady state, z and u are both constant, at the point {z*, χ*, u*}.
) is also constant on a balanced path, ω * = Au*/z*. We wish to consider initial conditions such that the endowment of unskilled labour is abundant, relative to the steady state. Note that ∂ω ∂ / L =-(1-α-β) < 0. Thus initially high level of unskilled labour, L, reduces ω. The labour abundant economy is therefore characterised by an initial condition where ω(0) < ω * . 15 In this section I determine the behaviour of z and the optimal control variables, χ and u, relative to their steady state, given this initial condition.
Given initial labour abundance, the economy's growth path depends on the optimal value of z(0), which in turn depends on the value of the optimal control variable, u(0).
There are two possibilities to consider. First, if u(0) ≥ u*, then ω(0) < ω * implies z(0) > z*, and the transition path will require falling values of u, ω, χ, and z. Second if the optimal value of u < u*, then it may be that z(0) < z*, implying increasing values of u, ω, χ, and z. It can be shown however that this second case does not occur. An initially high endowment of unskilled labour, resulting in ω(0) < ω * , implies z(0) > z*.
Thus; PROPOSITION 4. If the transition path along the stable arms is monotonic, then an economy with a relative abundance of unskilled labour relative to its steady state endowment patterns will undergo a transition in which u > u*, χ > χ* z > z*. Thus human capital supply to final output production is relatively high, physical capital investment is relatively high and human capital investment is relatively low.
PROOF. Consider the dynamic adjustment of ω, given in equation (24), derived from the definition of ω, z and equation (19), (22) and (23). 
Thus, the local stability properties imply that an economy with an high initial endowment of unskilled labour relative to balanced path requirements of physical and human capital, will undertake a transition with a relatively high; average and marginal product of capital, investment in physical capital, consumption relative to capital and relatively low investment in human capital.
This result does not contradict the claim by Mulligan and Sala-i-Martin (1993) and Barro and Sala-i-Martin (1995) , that human capital scarce economies will allocate resources toward human capital investments -which is still true in this model. The difference lies in the use of unskilled labour to define the initial conditions of a developing economy. Labour abundance reduces human capital and physical capital per worker, and results in a high marginal product of physical capital relative to steady state. This attracts human capital resources away from human capital accumulation into the physical capital-consumption goods sector. It is possible that developing economies may be endowed with scarce physical relative to human capital resources, and that this outweighs the effect of abundant labour, thus resulting a transition path as described by Mulligan and Sala-i-Martin (1993) and Barro and Sala-iMartin (1995) . This possibility, however, requires empirical justification. The abundance of labour relative to both types of capital in developing economies is a well established fact.
Developing economies and convergence.
The results obtained above are also important in the context over the convergence debate. 16 Mulligan and Sala-i-Martin (1993) and Barro and Sala-i-Martin (1995) argue that if developing economies are characterised by a scarcity of human capital then the transition path which involves higher relative rates of human capital accumulation, / h h > v, results in relatively low rates of output growth, where output is broadly defined to include human capital investment. 17 The arguments above, however, show that this transition, from z(0) < z*, is unlikely to be the relevant one for a developing economy. Rather, abundant labour implies z(0) > z*.
The appendix, A2, shows that β > σα is sufficient, but not necessary, for the growth rate of "final" output, / y y, to be greater than the steady state growth rate, κ, when z(0) > z*. Thus we may presume that / y y>κ, as long as β is not too small or σα is not too large. 18 Intuitively, a low elasticity of substitution, σ, means that human capital is allocated relatively intensively to goods production in order to maintain high relative consumption levels. A low value α, means that the high relative levels of human capital and labour inputs have a relatively large positive effect on the marginal product of physical capital. To the extent that the transitional growth is generated by increased inputs of human capital, high output growth also depends on a large value of β -the output elasticity of human capital in the consumption-physical capital sector.
16 For example see Abramovitz (1994) , Baumol (1986 Baumol ( , 1994 ), Barro and Sala-i-Martin (1990), Sala-i-Martin (1994), Mankiw, Romer and Weil (1992) , Mankiw (1995) , Barro and Sala-i-Martin (1995) and Galor (1996) . 17 This does not necessarily accord with statistical measures of output as the human capital activity is valued at a shadow price which includes the opportunity cost of forgone time in goods production. The reason for the low growth when human capital is relatively scarce follows from the asymmetry in the specification of human capital accumulation, which only requires human capital Inputs. See Barro and Sala-i-Martin (1995), pp. 192-193 . Numerical experiments with this model also display the asymmetric pattern of growth for ω(0) < ω* and ω(0) > ω*. 18 Typically we would expect β α ≈ and σ ≤ 1. The presumption therefore is that weaker necessary conditions will be satisfied.
The result in A2 thus establishes a convergence argument for developing economies, conditional upon the parameters of the model which determine the steady state growth rates in equations (16) and (17). The difference between the transition here, and that of the standard neoclassical model, is that that it achieved not only by depressed consumption, but also by increased intermediate inputs of human capital in the production of physical capital.
Thus an initial abundance of unskilled labour resources implies that the marginal and average product of physical capital is high, relative to balanced path levels. This induces rapid accumulation of physical capital and rapid growth of final output, as in the standard neoclassical growth model. 19
Population growth in developing economies.
Although endogenous fertility models suggest that population growth rates fall as incomes rise, in practice the demographic transition eludes many developing economies, particularly in South Asia, and Central America. In this context it is interesting to explore the effects of an exogenous increase in population, and labour force, growth rates, n. This turns out to be a straightforward application of the results derived above.
From equations (20) and (21), an increase in n causes the / χ χ = 0 locus to shift down vertically by n, and the / z z = 0 locus shifts right by dz/dn =1/(dχ/dz). By inspection of these slopes, or from equation (14), it is evident that the new intersection must lie at the same value of z, z*. This is illustrated in the right side panel of Figure 2 .
The increase in the population growth rate therefore decreases the steady state value of consumption relative to capital, χ * , and leaves the marginal and average products of capital unchanged. From equation (17) the equilibrium growth rate of human capital per person remains constant. But, from equation (15), this requires in a 19 Low stocks of human capital may result in slow growth for other reasons, however. In particular recent growth models emphasise the importance of human capital in promoting technology diffusion, Lewis (1955) , Nelson and Phelps (1966) , Benhabib and Spiegel (1994) , Coe and Helpman (1995) , Edwards (1992) and Pack and Saggi (1997) . The results obtained here, however, are in the context of a closed economy.
reduction in u*. Inspection of equation (19) shows that the change in u is comprised of a movement down the u /u = 0 locus, and a positive vertical shift of the locus. This shift is illustrated in the left panel of Figure 2 . Thus the economy adjusts to an unanticipated increase in n by reducing, χ, the level of consumption relative to capital, and increasing, u, the level of investment in human capital. From equations (22) An unanticipated increase in population growth therefore has no effect on the long run steady state growth rate, but will cause a transitional response in growth rates, as described above. The analysis shows that with higher population growth rates there will be a decreased relative per capita consumption level, and a greater fraction of the economy's human capital stock needs to be diverted to schooling in order to meet the greater demand for education from the faster growing population. Naturally these may be difficult adjustments for developing economies, particularly if schooling market operate inefficiently and consumption levels are near subsistence. These topics however are beyond the scope of this paper.
Conclusion.
In this paper I have presented an extension of the UL model, to incorporate unskilled labour as a separate factor. In economies with relatively stationary populations, the issue is of little matter. In a developing economy however, the relationship between population levels and income growth is of considerable importance. It is shown that if the initial endowments for the economy are labour abundant, then the economy will undergo a transition in which there is relatively low investment in human capital and high investment in physical capital. A conditional convergence result for closed economies, similar to the standard neoclassical model is also derived. As with the standard growth model, this endogenous growth model indicates that the causes of economic failure in developing economies are likely to be found in traditional areas of research, such as poor economic policies, lack of property rights, low technology diffusion and political instability, rather than in the mechanics of the growth process itself .
Appendix
A1. Balanced path. This appendix contains the derivation of the balanced path conditions given above. The problem described by (10a)-(10e) and (13), is an autonomous infinite horizon problem and the solution must either be unstable, or saddle path stable (Kaimen and Schwartz, 1981, p.159) . In such problems it is usual to employ steady state or balanced path conditions, rather than a transversality condition, as a boundary condition.
The definition of a steady state, definition 1, requires a constant growth rate of consumption and a constant value of u. Thus it is defined with respect to the control variables. The relationship between the control the state variables can be derived from the national income identity (7), and the "Keynes-Ramsey" condition, equation (13), and the relationship between the average and marginal product of capital. With the iso-elsatic production function in equation (3), the marginal product of capital is equal to αy/k. From this, (7) and (13) A2. Transitional growth rates and convergence. Equation (22) shows that an equal increase in χ and z will have no effect on the rate of capital accumulation, so that in the {χ, z} space of Figure 2 , / k k is constant on a line with a unit slope. Increases in z, for given χ are points of higher / k k . The slope of the stable arm, however must be less than (1-σα), the slope of equation (20), so that movements along the stable arm with increasing z, represent higher rates of physical capital accumulation, / k k . Thus over a transition where z(t)>z*, growth rates of capital are higher than the steady state rate, and this follows Barro and Sala-i-Martin (1995).
The growth rate of final output, / y y can be obtained by differentiating equation (3) and substituting (22) (19) and (23) Setting this equal to zero shows that the iso-growth line, / y y = 0, has a slope of dχ/dz = (1−β) > 1. As above, the slope of the stable arm is bounded by equation (20) and must be less than (1-σα) in the vicinity of the steady state. Increases in z, for given χ, result in higher growth rates of y, so movements along the stable arm from z* to z > z*, imply higher growth rates as long as (1-σα), the maximum slope of the stable arm, is less than (1−β). Thus β > σα is sufficient to guarantee that z > z* implies / y y > κ, over the transition.
